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In this case there is no interaction between the two displacement1

components; both depend only on the corresponding imperfection2

component. The first yield criterion takes the following form:3

N
A
+
M IIz
Wz
+
BII

Ww

= fy (33)4

where the second order internal forces can be expressed in terms5

of the axial force and the total displacement components [17]:6

M IIz = NvTot = Nv0
1

1− N/Ncr,z
(34)7

BII = r20NϕTot − GItϕ

= r20Nϕ0
1

1− N/Ncr,x
− GIt

(
ϕ0

1
1− N/Ncr,x

− ϕ0

)
. (35)8

Substituting Eqs. (34)–(35) into Eq. (33) yields the basic equation,9

which should be solved in order to obtain the reduction factor:10

N
A
+
Nv0
Wz

1
1− N/Ncr,z

+
r20Nϕ0
Ww

1
1− N/Ncr,x

11

−
GItϕ0
Ww

(
1

1− N/Ncr,x
− 1

)
= fy. (36)12

This form indicates that although the displacement components13

have linear amplification factors separately
∧
, since these factors14

are different the whole system has an inconsistent amplification15

relationship. The consequence is that the conventional quadratic16

APF cannot be developed for this problem since the governing17

equation is cubic and has no practical straightforward solution.18

Accordingly, the main conclusion is that if the axial force N19

causes an
∧
increased effect on the second order displacement –20

the axial force is an active part of the loading history –
∧
then only21

one governing imperfection component can be considered, or the22

usual solution cannot be obtained. This phenomenon has a very23

important meaning for the appropriate treatment of the beam-24

column problem as presented in the following sections.25

4.2. Analysis of the perfect system26

The LTB of a perfectly straight beam-column subjected to uni-27

form strong axis bending moment and axial compression can be28

∧
analyzed by the following linear, homogeneous system of differen-29

tial equations with two governing displacement components [9]:30

EIz
∂2v(x)
∂x2

+Myϕ(x)+ Nv(x) = 0 (37)31

EIw
∂3ϕ(x)
∂x3

− GIt
∂ϕ(x)
∂x
+My

∂v(x)
∂x
+ Nr20

∂ϕ(x)
∂x
= 0 (38)32

with the same boundary conditions, as expressed in Eq. (8). The33

solution for the first buckling mode takes also the same form as34

Eqs. (9)–(10), but with the following relationship between the two35

amplitudes:36

v

ϕ
= r0

√
Ncr,x − N
Ncr,z − N

=
McrN
Ncr,z

1
1− N/Ncr,z

(39)37

where the one new term is the elastic critical bending moment38

including the compression effect:39

McrN = r0
√(
Ncr,z − N

) (
Ncr,x − N

)
. (40)40

4.3. Analysis of the imperfect system41

The same system with geometric imperfections can be de-42

scribed by the following linear,
∧
inhomogeneous system of differ-43

ential equations [9]:44

EIz
∂2v(x)
∂x2

+Myϕ(x)+ Nv(x) = −Myϕ0(x)− Nv0(x) (41) 45

EIw
∂3ϕ(x)
∂x3

− GIt
∂ϕ(x)
∂x
+My

∂v(x)
∂x
+ Nr20

∂ϕ(x)
∂x

46

= −My
∂v0(x)
∂x
− Nr20

∂ϕ0(x)
∂x

(42) 47

where the imperfections are of the same form as Eqs. (17)–(18) as 48

discussed earlier. 49

Substituting Eqs. (9)–(10) and Eqs. (17)–(18) into Eqs. (41)–(42) 50

and omitting the sine and cosine terms, the following equation can 51

be obtained: 52[
Ncr,z − N −My
−My r20

(
Ncr,x − N

) ] [v
ϕ

]
=

[
N My
My r20N

] [
v0
ϕ0

]
. (43) 53

From Eq. (43) it is now possible to write the general relationship 54

between the total second order displacements and the initial 55

imperfections
∧
; i.e., the amplification relationship: 56[

vTot
ϕTot

]
=

1

1−
(
My/McrN

)2 57

×


1

1− N/Ncr,z

My
Ncr,z − N

1
1− N/Ncr,x

My
r20
(
Ncr,x − N

) 1
1− N/Ncr,z

1
1− N/Ncr,x

 58

×

[
v0
ϕ0

]
. (44) 59

Eq. (44) is also apparently nonlinear and inconsistent in general so 60

the derivation of the general quadratic equation of APF is impossi- 61

ble again if the amplitudes of the components of imperfection are 62

defined arbitrarily. 63

4.4. Analysis of the imperfection 64

At this point, it becomes necessary to examine the possible 65

options for the loading history: 66

1. governing (changing) bending moment beside a constant (fix) 67

compression 68

2. governing (changing) compression beside a constant (fix) 69

bending moment 70

3. governing (changing) bendingmoment and compression beside 71

a constant (fix) eccentricity (constant bending moment com- 72

pression ratio). 73

Since it has been shown in Section 4.1 that a systemwith governing 74

axial force cannot be solved appropriatelywithmore displacement 75

and imperfection components, the second and third options are 76

inadequate for the system described in Section 4.3, and susceptible 77

for lateral deflection and twist. Accordingly, the derivation of APF 78

for the beam-column problem is only possible assuming the first 79

loading option; therefore all the following equations are expressed 80

for governing external bending moment considering a certain 81

constant compression level (N). 82

First, the displacement ratio is examined again as the external 83

bending moment is approaching the elastic critical value: 84

lim
My→McrN

vTot

ϕTot
=

1
1−N/Ncr,z

v0
ϕ0
+

McrN
Ncr,z−N

1
1−N/Ncr,x

McrN
r20(Ncr,x−N)

1
1−N/Ncr,z

v0
ϕ0
+

1
1−N/Ncr,x

85

=
1− N/Ncr,x
1− N/Ncr,z

v0
ϕ0
+
McrN
Ncr,z

1
1−N/Ncr,x

Ncr,z
McrN

(
1− N/Ncr,x

)
v0
ϕ0
+ 1

86

=
McrN
Ncr,z

1
1− N/Ncr,z

. (45) 87
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Obviously Eq. (60) becomes identical to Eq. (29) (consequently1

Eq. (59) becomes identical to Eq. (28)) if the axial force is equal2

to zero, since it involves the pure bending case. Moreover, if the3

compression effect term βN is equal to zero (which means that4

the buckling of the purely compressed member is the dominant5

failuremode), the reduction factorχBC
∧
also becomes zero, since the6

member has no further capacity for bending moment. Using these7

expressions, the buckling curve for LTB of beam–columns can be8

written as the solution of Eq. (59) in the well-known form of the9

EC3 [1]:10

χBC =
βN

φBC +

√
φ2BC − βNλ

2
BC

(62)11

φBC = 0.5
[
1+ ηBC + βNλ2BC

]
. (63)12

This is the fundamental solution for the APF based LTB curve for13

beam-column problem belonging to the first yield criterion of Eqs.14

(54)–(56) and the specially shaped initial geometric imperfection15

defined by Eq. (51).16

5. Discussion of the results17

This paper does not undertake to develop formulae appropriate18

for design purposes in practice, as a comprehensivework on deter-19

ministic and probabilistic calibration would be needed. The main20

objective is the mathematical derivation of a generalized APF and21

the resulting clear description of LTB. For the sake of a better un-22

derstanding, however, some particular features of the derived for-23

mulae are now illustrated. In these discussions the original domain24

and assumptions of the previous chapters are retained, so an analy-25

sis of the additional effect of partial plasticity and residual stresses26

– which would be needed for complete application purposes – is27

still neglected.28

5.1. Appropriate interpretation of the derived equations29

In examining and understanding the real meaning of the for-30

mulae developed, it is very important to note once more that we31

have only analyzed the bending moment, considering constant32

compression as an initial condition of the system, as stated in33

Section 4.4. This means that a check should first be carried out34

for pure compression (the pure flexural buckling problem), and35

the equations derived are only valid and only yield meaningful36

results if the system has strength in reserve for the bending mo-37

ment. Accordingly, the special slenderness of Eq. (57) depends not38

only on the usual geometrical and material parameters, but also39

on the compression level. In consequence, the slenderness has no40

mechanical meaning if the compression level exceeds the buckling41

load (minimum of Ncr.z or Ncr.x). This feature is illustrated in Fig. 3,42

where the slenderness of an HEA300 section is plotted against the43

member length at various compression levels, where the usual44

compression utilization is defined as: n = N/Npl and the slender-45

ness of pure compression (λcomp) as defined in Section 2.1 is also46

plotted as a thin solid line, for the sake of comparison. In addition,47

a dashed line represents the limit where the whole capacity is uti-48

lized by the buckling resistance of the purely compressedmember
∧
;49

i.e. the compression effect term βN of Eq. (61) is equal to zero.50

Above this limiting line, the curves obviously have no meaning. It51

can be seen that the slenderness curves approach infinity asymp-52

totically at a certain length associated with the elastic critical53

(Euler) compression force (since theMcrN value in Eq. (57) becomes54

zero), but prior to that the slenderness is limited by the dashed line.55

The major part of the curves lies between the slenderness of pure56

compression and pure bending; at higher values, they exceed the57

slenderness of pure compression slightly.58
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Fig. 3. Slenderness of a HEA300 cross section at various compression levels.
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Fig. 4. Interpretation of the LTB reduction factor of Eqs. (62)–(63).

If the reduction factor of Eqs. (62)–(63) is evaluated at various 59

member lengths and compression levels, a resistance surface can 60

be obtained (Fig. 4). For a certain problem
∧
– i.e. with a certain 61

length and a certain compression level
∧
– the reduction factor can 62

be represented graphically as an intersection line of this resistance 63

surface and a vertical plane defined by the compression utilization 64

n. It can easily be seen that this intersection line reaches zero at the 65

slenderness value associated with the buckling resistance of the 66

purely compressed member; and beyond this limit the reduction 67

factor has no mechanical meaning, as explained in the previous 68

paragraph. The intersection line at n = 0 becomes identical to the 69

LTB curve of Eqs. (30)–(31). 70

5.2. The form of the imperfection factors 71

One of the most important results of the exact derivation 72

of the APF formula for LTB of beams and beam–columns is the 73

appropriate form of the generalized imperfection factors of Eqs. 74

(29) and (60). First of all, these factors are the basis uponwhich the 75

multiple buckling curves for LTB can be determined and correctly 76

calibrated — as discussed in the following section. A further 77

advantage is that the equivalent member imperfections (included 78

in EC3 for column buckling only) can also be defined for LTB. In this 79

section, we deal with the structure and specialties of the analytical 80

description of the introduced imperfection factors. It is important 81

to see that the results are only valid if the shape of imperfection 82

satisfies the criterion of Eq. (11), or more generally that of 83

Eq. (39). It is also relevant that the initial deflection component has 84

been studied much more comprehensively both experimentally 85

and analytically [2–4] due to its importance in column buckling 86

Please cite this article in press as: Szalai J, Papp F. On the theoretical background of the generalization of Ayrton–Perry type resistance formulas. Journal of Constructional
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Fig. 5. The initial twist of a member with different cross sections at the same
amplitude for initial out-of straightness.

and the simplicity of measuring it compared to the initial twist.1

Consequently, only the initial deflection component has usually2

been considered in numerical research of LTB [10,12]; the initial3

twist is rarely accounted for (mainly in analytical solutions [11,4

16]).5

Accordingly, the effect of initial twist is examined first. In6

Fig. 5 the initial twist is plotted against the member length for7

four different profiles (calculated from Eq. (11) at v0 = L/10008

amplitude for the initial deflection). It can be seen that, although9

the initial deflection increases linearly with the member length,10

the initial twist has a maximum value around the medium11

slenderness range. It is also worth noting that the heavier the cross12

section, the smaller the initial twist. This follows from the fact that13

heavier cross sections have greater torsional rigidity (especially the14

St. Venant term) compared with lateral rigidity. The next question15

which may arise is how the initial twist contributes to the total16

imperfection effect. In Fig. 6 the LTB imperfection factor (ηLT —17

defined by Eq. (29)) normalized by the initial deflection amplitude18

(v0) is plotted against the member length for the heaviest and19

lightest profile of the previous cross sections. For comparison20

purposes, the imperfection factors of lateral column buckling (ηz21

— defined in Section 2.1) are also plotted (dashed lines), and the22

contributions of the initial deflection (first term in Eq. (29)) are23

drawn separately. The following observations can be made from24

this figure:25

• the LTB imperfection factors vary (decrease) by the member26

length because of the contribution of initial twist; this effect27

vanishes towards higher slenderness;28

• the imperfection factors of column buckling are generally29

higher then those of LTB except for the light cross section in the30

low slenderness range;31

• while the initial deflection part (first term) is the same for the32

two profiles (the imperfection factors of column buckling are33

also quite similar), the light cross section shows considerably34

higher LTB imperfection factors, especially in the important35

medium slenderness range.36

5.3. The effect of cross-section geometry37

In modern structural standards, the APF type buckling model38

provides a suitable base for a sophisticated stability designmethod,39

known as themultiple buckling curve approach. Thismethod takes40

into account the fact (detected mainly by experiments) that the41

buckling resistance of a member in a non-dimensional form (i.e. in42

the form of non-dimensional buckling curve) depends highly on43

the shape and geometry of the cross section [6–8]. This dependence44

comes from two primary sources:45

0.035

0.030

0.025

0.020

0.015

0.010

0.005

5000 10000 15000 200000

Fig. 6. The shape and structure of the LTB imperfection factors for stocky and
slender cross sections.

1. different imperfection sensitivity of members with different 46

cross sections
∧
— i.e. members with equal imperfections have 47

different buckling resistances; 48

2. different imperfection magnitude arising during production in 49

members with different cross
∧
sections — i.e. members with 50

unequal imperfections have different buckling resistances. 51

It is important to note that the type 2 problem is a measurement 52

task, and is thus not relevant to the mechanical investigations. 53

The source of imperfections can be geometrical (member out of 54

straightness, cross sectional imperfections) and material (residual 55

stresses), but – as stated earlier – in the APF only the geometric im- 56

perfections are considered. An example for the type 1 dependence 57

is the distinction between column buckling about the major axis 58

(y) or the minor axis (z) [1], where the relevant imperfection for- 59

mulae can be expressed as follows: 60

ηy = w0
A
Wy
; (64) 61

ηz = v0
A
Wz
. (65) 62

If we consider the same amplitude for both directions (i.e. w0 = 63

v0). it is apparent that the major axis imperfection factor has a 64

considerably lower value (sinceWy � Wz) so the buckling about 65

the major axis is less sensitive to imperfections and consequently 66

yields higher values for the non-dimensional buckling curves. 67

In the recent EC3, a distinction ismade between thewelded and 68

hot-rolled profiles of the I-shaped section in the case of LTB, which 69

obviously reflects the different magnitude of residual stresses, but 70

the code also differentiates the sections by the depth over width 71

(h/b) ratio, and this attempts to represent the effect of the cross 72

section geometry on the imperfection sensitivity and thus on the 73

LTB resistance. This latter effect already appears in the APF based 74

resistance definition, so it can be examined here. Fig. 7 shows the 75

LTB reduction factor for pure bending Eqs. (30)–(31) with 8 wide 76

flange profiles (solid lines from thick to thin: HEM300, HEB300, 77

HEA300, HEAA300; dashed lines from thick to thin: HEM900, 78

HEB900, HEA900, HEAA900) and Fig. 8 shows the LTB reduction 79

factor at n = 0.3 compression level Eqs. (62)–(63) with the same 80

profiles; in both figures the elastic critical curve is also plotted as 81

a reference. The curves show considerable scatter mainly in the 82

domain of medium slenderness, which is obviously caused by the 83

different influences of the imperfection factor on different cross 84

section shapes. As demonstrated in Section 5.2, in this region the 85

heavier profiles produce a lower imperfection factor due to their 86

significantly higher St. Venant torsional rigidity. It is important to 87

note that there are much greater differences between the solid 88

Please cite this article in press as: Szalai J, Papp F. On the theoretical background of the generalization of Ayrton–Perry type resistance formulas. Journal of Constructional
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Fig. 7. LTB reduction factors for stocky and slender cross sections for pure bending.
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Fig. 8. LTB reduction factors for stocky and slender cross sections for interactive
compression and bending (n = 0.3).

lines (300 profiles), although these sections have similar h/b ratios.1

In order to study this peculiarity from thepoint of viewof reduction2

factors for multiple buckling curves, in Fig. 9 we have plotted the3

LTB imperfection factors at v0 = L/1000 amplitude for all IPE,4

HEA and HEB type profiles against the h/b ratio (small circle –5

IPE, medium circle – HEA, large circle – HEB). The EC3 separates6

the cross sections by the h/b = 2 value, for profiles under this7

limit, the use of a more favourable buckling curve is allowed.8

Observing Fig. 9, an increasing tendency can actually be seen9

towards higher h/b ratios, but there are also significant differences10

between profiles on the same side of the limit, especially for HEA11

and HEB sections where the h/b ratio is around 1, and IPE sections12

where the h/b ratio is under 2. This is apparently the consequence13

of the different torsional rigidity of cross sections with similar14

h/b ratio, as described in the previous section. Although the h/b15

ratio is an important geometrical measurement, the St. Venant16

torsional rigidity of I profiles is highly influenced by the b/tf17

ratio, so the product of these two measurements should be more18

appropriate. Accordingly, in Fig. 10 the same imperfection factors19

are plotted against the h/b ∗ b/tf = h/tf ratio. From this figure, it20

can be concluded unambiguously that the h/tf ratio describes the21

imperfection sensitivity of the profiles significantly better, and is22

a more adequate basis for the multiple buckling curves in the case23

of LTB.24

6. Conclusion25

In this paper, a theoretical model is presented for the possi-26

ble generalization of the APF, which is widely used for the stabil-27

ity design of members in modern structural standards. The direct28

0.20

0.15

1.5 2.0 2.5 3.0

Fig. 9. The LTB imperfection factors of various cross sections against h/b ratio.

0.20

0.15

15 20 25 30

Fig. 10. The LTB imperfection factors of various cross sections against h/tf ratio.

aim of the generalization is the rigorous derivation of the APF for 29

lateral–torsional buckling problems of beams (pure bending) and 30

beam–columns (bending and compression). It has been demon- 31

strated that the key component of the APF is the amplification 32

relationship, which should be linear and consistent in the cases ex- 33

amined, in order to obtain the basic quadratic equation of the con- 34

ventional APF. It has been proved, that if we apply the first buckling 35

mode for the shape of initial geometric imperfection of the mem- 36

ber, the amplification relationship becomes linear and consistent. 37

According to this statement, theAPFwas derived for the pure bend- 38

ing case and a special generalized imperfection factor was defined 39

for the buckling curve of LTB. This procedure was also extended to 40

the case of interactive loading (bending and compression), where 41

the appropriate way of handling the compression effect was first 42

introduced, and it was demonstrated that the actual amplification 43

relationship becomes linear and consistent only if the compression 44

is kept constant throughout the loading history. Accordingly, this 45

interaction problem can be treated as an equivalent LTB problemof 46

a beam subjected to a pure, uniform, strong axis bending moment 47

with special initial conditions, resulting from an altered state in 48

the initial geometry and stiffness caused by the constant compres- 49

sion effect. One of the most important results of the exact deriva- 50

tion of the APF formula for LTB of beams and beam–columns is the 51

appropriate form of the generalized imperfection factors. Firstly, 52

these factors can be the basis upon which the multiple buckling 53

curves for LTB can be determined and calibrated correctly. A fur- 54

ther advantage is that the equivalent member imperfections (in- 55

cluded in EC3 for column buckling only) can also be defined for 56

LTB. An important result of the short, introductory discussions of 57

the formulae obtained is that – since the initial twist of the mem- 58

ber has strong significance in the issues covered by this paper – the 59

torsional rigidity of the cross section is of great importance and has

Please cite this article in press as: Szalai J, Papp F. On the theoretical background of the generalization of Ayrton–Perry type resistance formulas. Journal of Constructional
Steel Research (2010), doi:10.1016/j.jcsr.2009.12.013
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to be considered in the correct definition of the generalized imper-1

fection factor and multiple buckling curves.2
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